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2-LOCAL DERIVATIONS ON SOME 퐶∗-ALGEBRAS
MEYSAM HABIBZADEH FARD AND ABBAS SAHLEH
ABSTRACT. In this paper, we introduce the concept of trace-open projections in the second
dual∗∗ of a 퐶∗-algebra , and we show that if there is a faithful normal semi-finite trace
휏 on ∗∗, and 1∗∗ is a 휏-open projection, then each 2-local derivation Δ from  to 
∗∗
is an inner derivartion. We also show that this theorem hold for approximately 2-local
derivations when ∗∗ is a finite von neumann algebra.
1. INTRODUCTION
The notion of 2-local derivations introduced by Semrl in [12], he proved that if  is
an infinite dimensional separable hilbert space, then every 2-local derivation on () is
a derivation. In [7], Kim and Kim proved that every 2-local derivation on 푀푛(ℂ) is a
derivation, this implies that if  is a finite dimensional hilbert space, then every 2-local
derivation on () is a derivation. In [1], Ayupov and Kudaybergenov proved that every
2-local derivation on () is a derivation for arbitrary Hilbert space . In [2], they also
proved that each 2-Local derivation on a semi-finite von Neumann algebra is a derivation
and finally in [3], authors showed that this result hold for arbitrary von Neumann algebras.
In [8], Kim and Kim proved that every norm continuous 2-local derivation on AF 퐶∗-
algebra is a derivation. In this paper we survey about 2-local derivations of 퐶∗-algebra into
it’s second dual.
Section 2 is about the preliminaries.
In Section 3, we define the concept of trace-open projections of a 퐶∗-algebra, and we
show that if 휏 is a faithful normal semi-finite trace on∗∗ and 1∗∗ is a 휏-open projection,
then each 2-local derivation Δ from into ∗∗ is a derivation. We also show that if 퐶∗-
algebra is an ideal on it’s second dual, then each 2-local derivation on is a derivation.
In Section 4, we show that if the second dual of a퐶∗-algebra is finite as a vonNeumann
algebra, then each approximately 2-local derivation Δ from into∗∗ is a derivation.
2. PRELIMINARIES
Let be a Banach algebra and let 퐸 be a Banach-bimodule. A (bounded) linear map
퐷 ∶ ⟶ 퐸 is a (bounded) derivation if
퐷(푎푏) = 푎 ⋅퐷푏 +퐷푎 ⋅ 푏 (푎, 푏 ∈ ).
In the case that 퐸 = , the derivation 퐷 is called a derivation on . For 푎 ∈ 퐸, put
훿푎(푥) = [푎, 푥] = 푎 ⋅ 푥 − 푥 ⋅ 푎, (푥 ∈ ), then 훿푎 is a bounded derivation. Such a derivation
is called an inner derivation. A Jordan derivation from a Banach algebra into a Banach
-bimodule퐸 is a linear map 퐷 satisfying 퐷(푎2) = 푎 ⋅퐷(푎) +퐷(푎) ⋅ 푎 (푎 ∈ ).
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The following statements hold:
∙ Each derivation 훿 from a 퐶∗-algebra  to a Banach -bimodule 퐸 is bounded
([10], theorem 2).
∙ Each derivation 훿 on a von Neumann algebra is inner ([11], Theorem 4.1.6).
∙ Each bounded Jordan derivation퐷 from a퐶∗-algebra into a Banach-bimodule
퐸 is a derivation ([6], Theorem 6.3).
∙ Every Jordan derivation 퐷 from a 퐶∗-algebra into a Banach -bimodule 퐸 is
bounded ( [9], Corollary 17 ).
Let  be a Banach algebra and let ∗ and ∗∗ be its dual and its second dual spaces,
respectively. For 푥, 푦 ∈ , 푓 ∈ ∗ and 퐹 ,퐺 ∈ ∗∗, define:
(퐹◽퐺)(푓 ) ∶= 퐹 (퐺 ⋆ 푓 ), (퐹⬦퐺)(푓 ) ∶= 퐺(푓 ⋆ 퐹 )
푤ℎ푒푟푒 (퐺 ⋆ 푓 )(푥) ∶= 퐺(푓 ⋅ 푥), (푓 ⋆ 퐹 )(푥) ∶= 퐹 (푥 ⋅ 푓 )
푎푛푑 (푓 ⋅ 푥)(푦) ∶= 푓 (푥푦), (푥 ⋅ 푓 )(푦) ∶= 푓 (푦푥)
Then 퐹◽퐺, 퐹⬦퐺 ∈ ∗∗, 퐺 ⋆ 푓, 푓 ⋆ 퐹 ∈ ∗ and 푓 ⋅ 푥, 푥 ⋅ 푓 ∈ ∗. The algebra 
is called Arens regular if the products ◽ and ⬦ coincide on ∗∗. It is known that, every
퐶∗-algebra  is Arens regular, and its second dual ∗∗ with multiplication ◽, is a von
Neumann algebra ([5], Corollary 3.2.37). From now on, we avoid writing Arens product ◽
on∗∗ ( the second dual of a 퐶∗-algebra ).
Lemma 2.1. Each derivation퐷 from a 퐶∗-algebra into its second dual∗∗ is inner.
Proof. By Arens regularity of 퐶∗-algebra , each derivation 퐷 from  to ∗∗ can be
extended to a derivation 퐷̃ ∶ ∗∗ ⟶ ∗∗ (see [5], Proposition 2.7.17). Since ∗∗ is a
von Neumann algebra, there is an element 푎 ∈ ∗∗ such that 퐷̃(푥) = [푎, 푥] ([11], Theorem
4.1.6) and therefore
퐷(푥) = 퐷̃(푥)| = [푎, 푥], (푥 ∈ ).

A mapping Δ from a Banach algebra  into a Banach -bimodule 퐸 is a bounded
2-local (respectively, approximately 2-local) derivation, if for each 푎, 푏 ∈ , there is a
bounded derivation퐷푎,푏 (respectively, a sequence of bounded derivations {퐷
푛
푎,푏
}) from
into퐸 such that퐷(푎) = 퐷푎,푏(푎) and퐷(푏) = 퐷푎,푏(푏) (respectively퐷(푎) = lim푛⟶∞퐷
푛
푎,푏
(푎)
and퐷(푏) = lim푛⟶∞퐷
푛
푎,푏
(푏)).
It follows by definition that every (bounded) 2-local derivationΔ is a (bounded) approx-
imately 2-local derivation.
Lemma 2.2. Let Δ be a 2-local ( or an approximately 2-local ) derivation of a Banach
algebra into a Banach-bimodule 퐸. then
(i) Δ(휆푥) = 휆Δ(푥) for any 휆 ∈ 퐶 , and 푥 ∈ .
(ii) Δ(푥2) = Δ(푥)푥 + 푥Δ(푥) for any 푥 ∈ .
Proof. Weprove this lemmaonly for approximately2-local derivations on Banach algebras.
(i) For each 푥 ∈  and 휆 ∈ 퐶 , there exists a sequence of derivations {퐷푥,휆푥푛 } such
that
Δ(푥) = lim
푛⟶∞
퐷푥,휆푥푛 (푥),Δ(휆푥) = lim푛⟶∞
퐷푥,휆푥푛 (휆푥)
so
Δ(휆푥) = lim
푛⟶∞
퐷푥,휆푥푛 (휆푥) = 휆 lim푛⟶∞
퐷푥,휆푥푛 (푥) = 휆 Δ(푥)
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Hence, Δ is homogeneous.
(ii) For each 푥 ∈ , there exists a class of derivations {퐷푥,푥
2
푛 } such that
Δ(푥) = lim
푛⟶∞
퐷푥,푥
2
푛 (푥) and Δ(푥
2) = lim
푛⟶∞
퐷푥,푥
2
푛 (푥
2)
so
Δ(푥2) = lim
푛⟶∞
퐷푥,푥
2
푛 (푥
2)
=
(
lim
푛⟶∞
퐷푥,푥
2
푛 (푥)
)
푥 + 푥
(
lim
푛⟶∞
퐷푥,푥
2
푛 (푥)
)
= Δ(푥)푥 + 푥Δ(푥)

Lemma 2.3. Any additive 2-local ( or additive approximately 2-local ) derivation Δ from
a 퐶∗-algebra to a Banach-bimodule 퐸 is a derivation.
Proof. By applying Lemma 2.2, we conclude that each additive 2-local ( approximately
2-local ) derivation Δ from a Banach algebra  to a Banach -bimodule 퐸 is linear and
satisfiesΔ(푥2) = Δ(푥)푥+푥Δ(푥) for any 푥 ∈ , soΔ is a jordan derivation. Now, it follows
by ([9], Corollary 17) that Δ is continuous. Therefore ([6], Theorem 6.3), implies that the
continuous jordan derivation Δ is a derivation. 
Definition 2.4. Let ℳ be a von Neumann algebra and ℳ+ the positive cone of ℳ. A
functional 휏 from ℳ+ to [0,+∞], is called a trace (on ℳ) if it satisfies the following
conditions:
(i) 휏(푎 + 푏) = 휏(푎) + 휏(푏), 푎, 푏 ∈ℳ+;
(ii) 휏(휆푎) = 휆휏(푎), 푎 ∈ℳ+, 휆 ≥ 0 ( and 0 ⋅ (+∞) = 0);
(iii) 휏(푎∗푎) = 휏(푎푎∗), 푎 ∈ℳ+.
A trace 휏 onℳ+, is
∙ faithful if 휏(푎) = 0 implies 푎 = 0;
∙ finite if 휏(푎) < +∞ (푎 ∈ℳ+);
∙ semi-finite if for every non-zero 푎 ∈ℳ+, there exists a non-zero element 푏 inℳ+
with 휏(푏) < +∞ and 푏 < 푎;
∙ normal if for every bounded increasing net {푎훼} ⊂ℳ+, 휏(sup훼 푎훼) = sup훼 휏(푎훼).
Theorem 2.5. ([11], Theorem 1.7.8) Letℳ be a von Neumann algebra, then the involution
and left and right multiplications onℳ are weak∗ continuous.
Theorem 2.6. Letℳ be a von Neumann algebra andℳ∗ its predual
1 and let 휏 be a trace
onℳ+. Let 풥휏 = {푥 ∈ ℳ|휏(푥∗푥) < ∞} and풯휏 = 풥2휏 = {푥푦|푥, 푦 ∈ 풥휏}. Then 풥휏 , 풯휏
are two-sided ideals ofℳ and
풯휏 = [(풯휏)+] = {푥푦|푥, 푦 ∈ 풥휏}
(풯휏 )+ = {푎 ∈ℳ+|휏(푎) < ∞}
where (풯휏 )+ = 풯휏 ∩ℳ+. There exists a unique linear functional 휏̃ on풯휏 which coincides
with 휏 on (풯휏 )+, and one has 휏̃(푎푥) = 휏̃(푥푎)(푎 ∈ 풯휏 , 푥 ∈ ℳ). If 휏 is normal, for every
푎 ∈ 풯휏 , the linear functional 푥 ↦ 휏̃(푎푥) on ℳ is 휎(ℳ,ℳ∗)-continuous. Finaly 휏 is
semi-finite if and only if풯휏 is 휎(ℳ,ℳ∗)-dense inℳ.
Proof. See the propositions 6.5.2, 6.5.3, and 6.5.4 of refrence [4]. 
1 The set of normal linear functionals on von Neumann algebraℳ.
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It follows by theorem 2.6 that ifℳ is a von neumann algebra, then each finite trace 휏 on
ℳ+ can be extended to a linear functional 휏̃ onℳ such that 휏̃(푎푏) = 휏̃(푏푎) ( 푎, 푏 ∈ ℳ )
and풯휏 =ℳ. This extention is called a tracial onℳ and if in addition 휏̃(1) = 1 it is called
a tracial state. A von neumann algebraℳ is said to be finite if there is a faithful normal
tracial state onℳ.
3. 2-LOCAL DERIVATIONS
Definition 3.1. Let 휏 ∶ ∗∗
+
⟶ [0,+∞] be a semi-finite trace on the second dual of a
퐶∗-algebra, then a projection 푝 ∈ ∗∗ is called 휏-open if there is an increasing net (푎훼)
of positive elements in with 휏(푎훼) < ∞, such that 푎훼 ↗ 푝 in
∗∗.
Theorem 3.2. Let  be a 퐶∗-algebra, if 휏 is a faithful normal semi-finite trace on ∗∗,
and 1∗∗ is a 휏-open projection, then each 2-local derivation Δ from to
∗∗ is an inner
derivartion.
Proof. Let Δ ∶ ⟶ ∗∗ be an 2-local derivation. By Theorem 2.6, 휏 can be extended
uniquely to a linear functional 휏̃ on 풯휏 , such that 휏̃(푎푥) = 휏̃(푥푎) ( 푎 ∈ 풯휏 , 푥 ∈ 
∗∗ ).
For each 푥 ∈  and 푦 ∈ 풯휏 ∩  there exists a derivation 퐷푥,푦 from  to 
∗∗, such that
Δ(푥) = 퐷푥,푦(푥) and Δ(푦) = 퐷푥,푦(푦). It follows by Lemma 2.1 that there is an element
푚 ∈ ∗∗ such that
[푚, 푥푦] = 퐷푥,푦(푥푦) = 퐷푥,푦(푥)푦+ 푥퐷푥,푦(푦),
so
[푚, 푥푦] = 퐷푥,푦(푥)푦 + 푥퐷푥,푦(푦).
Since 풯휏 is an ideal and 푦 ∈ 풯휏 ∩, the elements 푎푥푦, 푥푦, 푥푦푎 and Δ(푦) also belong
to풯휏 and hence by continuity of 휏̃ we have
휏̃(푚푥푦) = 휏̃((푚푥)푦) = 휏̃(푦(푚푥))
= 휏̃((푦푚)푥) = 휏̃(푥(푦푚))
= 휏̃(푥푦푚).
Therefore
휏̃(퐷푥,푦(푥)푦 + 푥퐷푥,푦(푦)) = 휏̃([푚, 푥푦]) = 휏̃(푚푥푦 − 푥푦푚) = 0,
so
휏̃(퐷푥,푦(푥)푦) = −휏̃(푥퐷푥,푦(푦)).
Based the above analysis, the following equation can be obtained
휏̃(퐷푥,푦(푥)푦) = −휏̃(푥퐷푥,푦(푦)),
so
휏̃(Δ(푥)푦) = −휏̃(푥Δ(푦)).
For arbitrary 푢, 푣 ∈  and 푤 ∈ 풯휏 ∩ set 푥 = 푢 + 푣, 푦 = 푤. Then Δ(푤) ∈ 풯휏 and
휏̃(Δ(푢 + 푣)푤) = −휏̃((푢 + 푣)Δ(푤)) = −휏̃(푢Δ(푤)) − 휏̃(푣Δ(푤))
= 휏̃(Δ(푢)푤) + 휏̃(Δ(푣)푤) = 휏̃((Δ(푢) + Δ(푣))푤),
so for all 푢, 푣 ∈  and 푤 ∈ 풯휏 ∩ we have
휏̃((Δ(푢 + 푣) − Δ(푢) − Δ(푣))푤) = 0.
Put 푏 = Δ(푢 + 푣) − Δ(푢) − Δ(푣). Then
(∗) 휏̃(푏푤) = 0 (푤 ∈ 풯휏 ∩)
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Now by hypothesis, there is a net {푒훼}훼 of elements in풯휏 ∩+ such that 푒훼 ↑ 1 in
∗∗, and
there is a net {푏훽}훽 in  such that 푏훽⟼ 푏
∗ in 휎(∗∗,∗)-top. Then {푒훼푏훽}훽 ⊂ 풯휏 ∩
for each 훼. Hence, (∗) and theorem 2.6, implies that
휏(푏푒훼푏
∗) = 휏̃(푏푒훼푏
∗) = 푤∗ − lim
훽
휏̃(푏푒훼푏훽 ) = 0 ( for all 훼).
Since the trace 휏 is normal and 푏푒훼푏
∗ ↑ 푏푏∗ in∗∗, we have 휏(푏푒훼푏
∗) ↑ 휏(푏푏∗), so 휏(푏푏∗) =
0. Since 휏 is faithful we have 푏푏∗ = 0, i.e. 푏 = 0. Therefore
Δ(푢 + 푣) = Δ(푢) + Δ(푣), 푢, 푣 ∈ .
ThusΔ is an additive 2-local derivation. It follows by lemma 2.3 that the linear operatorΔ
is a derivation. 
Proposition 3.3. Let 퐶∗-algebra  be an ideal in its second dual ∗∗ and let 휏 be a
normal semi-finite trace on ∗∗ and let the restriction 휏| on  be faithful. Then each
2-local derivation Δ on is a derivation.
Proof. Let Δ ∶ ⟶  be a 2-local derivation. For each 푥 ∈  and 푦 ∈ 풯휏 ∩ there is
a derivation퐷푥,푦 on  such that Δ(푥) = 퐷푥,푦(푥) and Δ(푦) = 퐷푥,푦(푦). It follows by ( [11],
Corollary 4.1.7 ) that, there is an element 푎 ∈ ∗∗ such that
[푎, 푥푦] = 퐷푥,푦(푥푦) = 퐷푥,푦(푥)푦 + 푥퐷푥,푦(푦).
Same as theorem 3.2, it can be shown that
휏̃((Δ(푢 + 푣) − Δ(푢) − Δ(푣))푤) = 0,
for all 푢, 푣 ∈  and 푤 ∈ 풯휏 ∩ . Put 푏 = Δ(푢 + 푣) − Δ(푢) − Δ(푣), Then
휏̃(푏푤) = 0 (푤 ∈ 풯휏 ∩)
Now take an increasing net {푒훼}훼 of projections in풯휏 such that 푒훼 ↑ 1 in 
∗∗ ( see [11],
Theorem 2.5.6. ). Since  and 풯휏 are ideals of 
∗∗ and 푏∗ ∈ , we have {푒훼푏
∗}훼 ⊂
풯휏 ∩. Hence
휏(푏푒훼푏
∗) = 휏̃(푏푒훼푏
∗) = 0, ( for all 훼).
At the same time 푏푒훼푏
∗ ↑ 푏푏∗ in∗∗. Since 휏 is normal, we have 휏(푏푒훼푏
∗) ↑ 휏(푏푏∗) and so
휏(푏푏∗) = 0. Since the restriction 휏| is faithful, we have 푏푏∗ = 0 and so 푏 = 0. Therefore
Δ(푢 + 푣) = Δ(푢) + Δ(푣), (푢, 푣 ∈ ).
ThusΔ is an additive 2-local derivation. It follows by lemma 2.3 that the linear operatorΔ
is a derivation. 
4. APPROXIMATELY 2-LOCAL DERIVATIONS
Lemma 4.1. Let 휏 be a faithful normal tracial state on the second dual∗∗ of a퐶∗-algebra
 and let 푏 ∈ ∗∗ be arbitrary. Then 휏(푥푏) = 0 ( 푥 ∈  ), implies that 푏 = 0.
Proof. Let 푏 ∈ ∗∗ then there is a net (푏훼) in such that 푏훼 converges to 푏
∗ in 휎(∗∗,∗)-
top, and so
휏(푏∗푏) = 푤∗ − lim
훼
휏(푏훼푏) = 0.
Since 휏 is faithful, we have 푏 = 0. 
Theorem 4.2. Let the second dual ∗∗ of a 퐶∗-algebra  be finite as a von neumann
algebra. Then each approximately 2-local derivation Δ from to∗∗
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Proof. LetΔ from to∗∗ is an approximately 2-local derivation and let 휏 ∶ ∗∗⟶ 퐶
be a faithful normal tracial state. For each 푥, 푦 ∈  there exists a sequence of derivations
{퐷푛푥,푦} from  to 
∗∗, such that Δ(푥) = lim푛⟶∞퐷
푛
푥,푦(푥) and Δ(푦) = lim푛⟶∞퐷
푛
푥,푦(푦).
It follows by Lemma 2.1 that 퐷푛푥,푦 is inner ( for each 푛 ∈ ℕ ), so there exists an element
푚 ∈ ∗∗ such that
[푚, 푥푦] = 퐷푥,푦푛 (푥푦) = 퐷
푥,푦
푛 (푥)푦 + 푥퐷
푥,푦
푛 (푦),
so
[푚, 푥푦] = 퐷푥,푦
푛
(푥)푦 + 푥퐷푥,푦
푛
(푦).
Based on that 휏 is continuous
휏(푚푥푦) = 휏((푚푥)푦) = 휏(푦(푚푥))
= 휏((푦푚)푥) = 휏(푥(푦푚))
= 휏(푥푦푚).
Therefore
휏(퐷푥,푦푛 (푥)푦 + 푥퐷
푥,푦
푛 (푦)) = 휏([푚, 푥푦]) = 휏(푚푥푦 − 푥푦푚) = 0,
so
휏(퐷푥,푦푛 (푥)푦) = −휏(푥퐷
푥,푦
푛 (푦)).
Based the above analysis, the following equation can be obtained
lim
푛⟶+∞
휏(퐷푥,푦푛 (푥)푦) = − lim푛⟶+∞
휏(푥퐷푥,푦푛 (푦)),
so
휏(Δ(푥)푦) = −휏(푥Δ(푦)).
For arbitrary 푢, 푣, 푤 ∈ , set 푥 = 푢 + 푣, 푦 = 푤. Then from above we obtain
휏(Δ(푢+ 푣)푤) = −휏((푢 + 푣)Δ(푤))
= −휏(푢Δ(푤)) − 휏(푣Δ(푤))
= 휏(Δ(푢)푤) + 휏(Δ(푣)푤)
= 휏((Δ(푢) + Δ(푣))푤).
Hence
휏((Δ(푢+ 푣) − Δ(푢) − Δ(푣))푤) = 0.
For all 푢, 푣, 푤 ∈ , and by Lemma 4.1, we have
Δ(푢 + 푣) − Δ(푢) − Δ(푣) = 0,
so
Δ(푢 + 푣) = Δ(푢) + Δ(푣).
By the analysis, we obtainΔ is an additive mapping. Hence,Δ is an additive 2-local deriva-
tion, and lemma 2.3 implies that Δ is a derivation. 
Problem 4.3. Does Theorem 3.2 hold for approximately 2-local derivations?
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